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Abstract 

Simple Harnack curves, introduced in jMikOOj . are smooth real 
algebraic curves in maximal position in toric surfaces. In the present 
paper, we suggest a natural generalization of simple Harnack curves 
by relaxing the smoothness assumption. After mentioning some of 
their properties, we address the question of their construction. We 
define tropical Harnack curves and show that their approximation 
using Mikhalkin’s machinery produces many new example of simple 
Harnack curves. We determine the topological classification of simple 
Harnack curves with a hyperbolic node in the fashion of [MikOOj . and 
show that the space of such curves can be locally parametrized by the 
space of their tropical avatars, in the spirit of |KQ06| . 


D 

Introduction 

Borrowing the words of [KQS06] . simple Harnack curves are real alge¬ 
braic curves sitting in toric surfaces “in the best possible way”. The original 
topological definition of [MikOOj can be rephrased in term of maximality with 
respect to a finite collection of Harnack-Smith inequalities, see [MikOlj . This 
maximality manifests in several interesting and different ways, as shown in 
[MROIj . [PRTTj or |M()07| . In particular, the reformulation of [ MROIj has 
both advantages of being short and explicit : for a simple Harnack curve C in 
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a toric surface 7a, the amoeba map A : C — > M 2 is at most 2-to-l. The lat¬ 
ter property characterizes simple Harnack curves if one allows them to have 
singularities. Indeed, it can be shown that any real oval of a simple Harnack 
curve can be contracted to a solitary double point (see | KQ06j ). and that 
the 2 -to-l property of the amoeba map A is still satisfied for these singular 
simple Harnack curves (see |MR01 J). 

In the present paper, we introduce a generalization of the notion of simple 
Harnack curve, unifying the two classes of curves mentioned above. This 
generalization consists in relaxing the smoothness assumption in the charac¬ 
terization given in [ PRll] : for a curve C in a toric surface 7a, its logarithmic 
Gauss map 7 : C —-> CP 1 is a rational map defined only on the smooth locus 
of C. Its pullback to the normalization C of C extends to an algebraic map 
7 : C ->• CP 1 . 

Definition. An irreducible real algebraic curve C C 7a is a (generalized) 
simple Harnack curve if and only if its logarithmic Gauss map 7 is totally 
real, that is 

7 _ 1 (MP 1 ) = RC. 

We then show that the characterization of | IMOQ7 ] in terms of covering of 
the argument torus extends as well, implying that the area of the coamoeba 
of a simple Harnack curve is determined by its Euler characteristic. 

In a second time, we address the question of construction of such curves. The 
existence of simple Harnack curves as introduced by Mikhalkin was proven 
using Viro’s patchworking method. In the present case, the construction of 
singular curves requires an enhanced version of patchworking, see [ Shul2j . 
Alternatively, we choose here to invoke Mikhalkin’s approximation theorem 
for phase-tropical curves. We introduce the notion of tropical Harnack curves 
and show the following. 

Theorem. The approximation of a tropical Harnack curve of degree A is a 
simple Harnack curve in 7a- 

As one can expect, the type of the singularities of the approximating 
curve is predicted by the singularities of the tropical Harnack curve. In par¬ 
ticular, the latter theorem implies the existence of simple Harnack curves 
with a single hyperbolic node. We then classify all possible topological type 
of simple Harnack curves with a single hyperbolic node obtained by trop¬ 
ical approximation. By topological type of a curve C C 7a, we mean the 
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topological triad 


(m7a, l^C, 

S 

where the TVs are the toric divisors at inhnity of the toric surface 7a- 

Proposition. For a fixed degree A, the deformation classes of tropical Har- 
nack curves with a single hyperbolic node are indexed by the smooth corners of 
A. The topological type of any algebraic approximation within a deformation 
class indexed by a corner v is constant, and denoted Top(A,u). 

Here, smooth corners are corners of A corresponding to smooth points in 
the associated toric surface 7a- 

In the last part, we eventually undertake the topological classification of all 
simple Harnack curves with a single hyperbolic node, similarly to |MikOO] . 
We obtain a complete classification that shows that the algebraic picture is 
totally described by the tropical one. 

Theorem. For any simple Harnack curve C in Fa, there exists a smooth 
corner v of A such that the topological type of C is given by Top(A,u). 

This theorem is a manifestation of a deeper connection between simple 
Harnack curves and their tropical avatars. This connection has first been 
observed in |KQ06] . Recall that the spine of an algebraic curve in (C*) 2 
is a “canonical” tropical curve sitting inside its amoeba, see [PR04] . The 
following theorem is in some sense the converse of the first theorem stated 
above. 

Theorem. The consideration of the spine induces a local diffeomorphism 
between the spaces of algebraic and tropical Harnack curves with a single 
hyperbolic node. 

The latter results are promising for a general correspondence between al¬ 
gebraic and tropical Harnack curves. Such a correspondence deserves to be 
investigated deeper in a further work. 

All the statements given above will be reformulated in a rigorous way through¬ 
out the paper. 


3 








Contents 


1 Prerequisites [4] 

1.1 Logarithmic geometry of planar curves. Q] 

1.2 Simple Harnack curves. [TO] 

1.3 Phase-tropical curves. [[2] 

2 Definition and construction U8l 

2.1 Definition and first properties. [T8] 

2.2 Tropical Harnack curves. [20] 

2.3 Construction by tropical approximation. [24] 

2.4 Tropical Harnack curves with a single hyperbolic node .... [TO] 

3 Simple Harnack curves with a single hyperbolic node 1291 

3.1 Statements of the main theorems. [25] 

3.2 Some technical conventions. m 

3.3 Proof of the main theorems . m 

4 Appendix [37] 


1 Prerequisites 

1.1 Logarithmic geometry of planar curves 

In this text, C° C (C*) 2 will denote an algebraic curve in the complex 2-torus. 
Such curve can be defined as the zero set of a Laurent polynomial 

feC[z*,w**]. 

The coordinates of (C*) 2 induce a canonical isomorphism z a w 13 i—>■ (a, (3) be¬ 
tween its space of characters and Z 2 . The Newton polygon New(f) is defined 
as the convex hull in M 2 = Z 2 K- of the monomials z a w 13 appearing in /. 
As a convention, one will always consider polynomials / G C [z, w] such that 
New(f) touches both the 0 - and w- axes. According to this convention, any 
curve C° C (C*) 2 is defined by a polynomial /, unique up to a multiplicative 
constant a G C*. The Newton polygon New(f) is uniquely determined by 
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C° and will be denoted A. 


The Newton polygon A of C° induces a toric compactification (C*) 2 C 7a, 
whenever the interior of A is 2-dimensional. The action of (C*) 2 onto itself 
extends to 7a- Denote 


S 1 := {z G C | |*| = 1} ~ M/2ttZ. 

The moment map /i : 7 a -G A is the quotient map of 7 a by the action of 
(S' 1 ) 2 . To a side s of A, one associates the toric divisor at infinity associated 
T> s := /x _1 (s). It is isomorphic to CP 1 and compactihes one of the (C*) 2 - 
orbit. For any vertex v of A, gT l {v) is a fixed point of the (C*) 2 -action and 
will be refered to as the vertex of 7a- 

We will denote by C C 7a the closure of C°. The curve C intersects 
every divisor T> s at (|s fl Z 2 | — 1) many points, counted with multiplicities. 
A curve C C 7a constructed as the closure of a curve C° C (C*) 2 of Newton 
polygon A never contains any vertex of 7a- We will always restrict to this 
case while considering curves C C 7a- We define the points at infinity of C 
by Cqo ■— C\C° . We will also denote 

b := |<9AflZ 2 [ and g \Int A fl Z 2 |. 

The integer g is the arithmetic genus of C and b is the intersection multiplic¬ 
ity of C with the union of all the divisors at infinity, see for instance [Kho78] 
and [ Kus76j . In particular, if C intersects each of them transversally, then 
I Coo I = b. 

The moment map fl extends the amoeba map 

A : (C*) 2 -»■ M 2 

(z,w) i —y (log \z\, log |iu|) 

after a barycentric change of coordinates M 2 —y IntA. Denote also by 
arg(z ) G S 1 the argument of the complex number z G C*, the argument 
torus T := ( S 1 ) 2 and 


->• T 

t-G (arg(z), arg(w)) 


Arg : (CP) 2 
(z,w) 
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Definition 1.1. Let C° C (C *) 2 be an algebraic curve. The amoeba (resp. 
coamoeba) of C° is the subset A(C° ) C R 2 (resp. Arg(C° ) C (S' 1 ) 2 ,). With a 
slight abuse, we will as well refer to the latter subsets as A(C) and Arg(C ) 
respectively. 

Proposition 1.2 (see jFPTOOj h For an algebraic curve C° C (C*) 2 , its 
amoeba A{C°) is a closed subset of R 2 . Moreover, every connected component 
of R 2 \ A{C°) is convex. 

Amoebas and coamoebas are related by the fact that they are respectively 
real and imaginary part of algebraic curves in logarithmic coordinates. Inter¬ 
plays between them can be often described in term of the logarithmic Gauss 
map. For a smooth curve C C 7a given by a polynomial /, the logarithmic 
Gauss 7 : C —» CP 1 is given on C° by 

7 (z, w) — [z ■ d z f(z, w) : w ■ d w f(z, w)] 

This map is locally the composition of (any branch of) the coordinate wise 
complex logarithm with the classical Gauss map which associates to every 
point of a smooth hypersurface its tangent hyperplane. In the singular case, 
7 is only defined on the smooth part of C. If 7 r : C —> C is the normalization 
of C, the removable singularity theorem allows to extends the rational map 
7 T o 7 to an algebraic map 7 : C —>• CP 1 . 

Definition 1.3. For a possibly singular curve C C 7a and normalization 
7 T : C —> C, define the logarithmic Gauss map of C to be 7 : C — » CP 1 . 

For a singular curve C C 7a, we will always denote its normalization by 
7 r : C —> C. We will also denote C° := 7r^ 1 (C°) and C \ C°. Remark 

that whenever C has no singularity outside (C*) 2 , C^ and C^ are in bijection. 

Let us give an alternative and useful description of 7 (and then 7 ). Look¬ 
ing at 0 and w as 2 meromorphic functions on C, consider the 2 meromorphic 
differentials dlog(^) and d log(rc) on C. The quotient of two such differentials 
defines a meromorphic function on C. One has the following 

Proposition 1.4. The Logarithmic Gauss map 7 : C —>■ CP 1 is given by 

p 1 —> [—dlog (w(p)) : dlog (^(p))] • 

Moreover, the degree of 7 is —y (C°). 
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Proof If p is a local coordinate on C°, then 


[-dlog(w(p)) :dlog(z(p))] = 


-^ 1 o sHp)) ■ ^log {zip)) 


As C° is immersed in (C*) 2 , (— log (z(p)), — log ( w(p ))) is a non zero tan- 

x dp v 'dp v '' 

gent vector for the coordinatewise logarithm of C° at the point corresponding 
to p. Hence, the tangent plane at p is given by the equation 

—dlog (w(p)) • u + dlog (z(p)) ■ v = 0 , 


which proves the first part of the statement. 

The degree of 7 can be computed as the number of zeroes of dlog(w) ■ u + 
dlog(z) ■ v for a generic non zero vector (u , v). By genericity, one can assume 
that Coo is exactly the set of poles of this differential and all of them are 
simple. By Riemann-Roch, such differential has degree g(C ) — 2. Hence, it 
has g{C ) + |Coo| — 2 zeroes. □ 


The map A : C° —» M 2 is a map between smooth surfaces. Following 
[MikOOj . denote by F° C C° the critical locus of A, that is the set of points 
where A is not submersive. Denote by F its closure in C. 

Lemma 1.5. 

F = 7” 1 (MP 1 ). 

Moreover, F is also the closure of the critical locus of the map Arg : C° —>■ T. 


Proof Let p e C° and denote p := (pi,P 2 ) ■— 7T (p). The point p is in F° if 
T P C° contains a vector v tangent to the torus \z\ = |pi|, \w\ = \p 2 \ (if p is a 
singular point of C°, consider the tangent line in T p C° corresponding to p). 
Equivalently, z has purely imaginary logarithmic coordinates. This hold if 
and only if 7 (p) G MP 1 . 

Similarly, p is a critical point for the map Arg if T p C° contains a vector v 
tangent to arg(z) = arg(pi), arg(w ) = arg(p 2 ), i.e. z has real logarithmic 
coordinates. Once again, it holds if and only if 7(p) G MP 1 . □ 
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Remark. Any point of C mapped to the boundary of A(C) belongs to F. 
By the above lemma, the real part MC of any curve C defined over M is always 
a subset of F. 


Now let us recall that to any holomorphic function / on (C*) 2 , one can 
associate its Ronkin function 


Nf(x,y) := 


log \f(z, w) | 


(2m) 


dz A dw 


I A~ 1 {x,y) 


zw 


defined on M 2 . The function Nf allows to describe the geometry of the 
amoeba A{ {/ = 0} ). It is a convex function that is affine linear on the 
connected components of the complement of A{{f = 0}), see [PR04j . The 
gradient gradNf is then a constant function on such component. One defines 
the order of such component to be the value gradNf on it. 

In the case where / is a polynomial, gradNf takes values inside of New{f ). 
Moreover, its image is dense there. 

Proposition 1.6 (see jFPTOOj h Let C C 7a be an algebraic curve. The order 
map defines an injection from the set of connected components ofM?\A(C) to 
A flZ 2 . Compact components are sent in the interior of A and non-compact 
components are sent on its boundary. Moreover, the order map is surjective 
on the vertices of A. 


Consideration of the Hessian of Nf gives rise to a so-called Monge-Ampere 
measure supported on A(C). Comparison of this measure with the standard 
Lebesgue measure gives the following result. 

Proposition 1.7 (see ' PRO Ij). Let C C 7a be an algebraic curve. Then 


Area{A{C )) < n 2 Area{A) 


where the area is computed with respect to the standard Lebesgue measure. 

There are other “areas” one can compute about amoebas and coamoebas. 
Consider the complex orientation on the curve C C 7a and the counter 
clockwise orientation on M 2 and (S' 1 ) 2 . For any non critical value p of A(C) 
{resp. Arg{C )), define the signed multiplicity of p to be the number of 
preimages with signs depending on the local change of orientation. Define 
also the positive multiplicity of p just to be the number of preimages. 










Definition 1.8. Let C C /a be an algebraxc curve. Define r^.r ea^^siC)) 
(resp. AreaArg,s(C)) the be the area of the amoeba (resp. the coamoeba) of 
C counted with signed multiplicities, and Area^miC)) (resp. AreaA rg ,m(C)) 
the area counted with positive multiplicities. 


The following observation is dne to Mikhalkin. 

Lemma 1.9. For any algebraic curve C C 7a. the 2-forms A*(dx i A dx 2 ) 
and Arg* ( dy\ A dy 2 ) are equal on C° \F°. It implies that 

Area a, S {C) = Area Arg ,si C ) = 0 

and 

Area A ,m{C) = Area Arg ,m(C). 

Proof Consider locally the coordinate wise complex logarithm on C. Its im¬ 
age is a holomorphic curve in C 2 . It implies that the the restriction of the 
complex 2-form dz\ A dz 2 on C 2 to Log{C) is zero. Write Zj = Xj + iyj for 
j = 1, 2, then /?e(cfci A dz 2 ) = dx 1 A dx 2 — dyi A dy 2 is also zero on Log(C ), 
meaning that the 2-forms dx 1 A dx 2 and dyi A dy 2 are equal on Log{C). As 
we already said, the projection on the x-plane (resp. y-plane) is nothing but 
A (resp. Arg). It implies the first part of the statement. 

The equalities Areals = AreaA rg ,s and Area^.m = AreaA rg ,m are direct con¬ 
sequences. In the first case, the moment map p extends A and has a compact 
source space. Then it has a well defined degree d which is zero as p is not 
surjective. This degree is precisely the number of preimages of A counted 
with signs. Hence Area^^C) =0. □ 

Denote by Af the set of connected components of the complement of 
A( {/ = 0}). For an element a G Af denote by Nf the affine linear function 
on M 2 extending ( Nf)\ a . Then, the spine is defined as the corner locus of 
the piecewise affine linear and convex function 

S f := max Nf. 

LFf is a piecewise linear graph in the plane. Equipped with some natural 
collection of weights, the spine turns out to be a tropical curve, see next 
subsection. 
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Theorem 1.10 (see [ PR04] ). Let C C 7a be an algebraic curve defined by a 
polynomial f. Then, A(C ) deformation retracts on 5Af. 

1.2 Simple Harnack curves 

Simple Harnack curves as considered here have been introduced in [MikOOj . 
Recall that a smooth real algebraic curve C of genus g is said to be an M- 
curve if MC C C has the maximal number of connected components, that is 
<7 + 1. Now, for a subset / of the set of sides of A, denote 

C ^ := C fl f^| V s and := MC fl WD S . 

s£l s£l 

Here is the original definition of [MikOO] . 

Definition 1.11. A smooth real algebraic curve C C 7a is a simple Harnack 
curves if 

* C is an M-curve, 

* there exists a connected component a C MC and pairwise disjoint con¬ 
nected arcs a a C a for every side a of A such that C^ C a s and such 
that the cyclical ordering of the a a ’s on a corresponds to the cyclical 
ordering of the a’s on <9A. 

In [MikOOj . Mikhalkin showed that the embedding of simple Harnack 
curves in toric surface depends only on the toric surface itself. Namely, one 
has 

Theorem 1.12. For any simple Harnack curve in 7a? the topological triad 

(R7a, 

S 

is unique and depends only on A. Here, the union runs over all the sides s 
of A. 

Such theorem can be proved after a careful study of the amoeba of such 
a curve, showing that the latter is covered in a 2-to-l fashion away from its 
boundary. It leads to the main theorem of [MROlj . In the latter, the authors 
showed that simple Harnack curves can only degenerate to singular curves 
with solitary double points, after contractions of real ovals. These curves are 
referred to as singular simple Harnack curves. They obtained the following. 
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Figure 1: A simple Harnack curve of degree 8 in IRP 2 . 


Theorem 1.13. A real algebraic curve C C 7a is a (possibly singular) simple 
Harnack curves if and only if one of the following conditions is satisfied 

* A : C —* M 2 is at most 2-to-l. 

* Area(A(C)) = ir 2 Area(A). 

There are several others equivalent definitions for simple Harnack curves. 
The following is of particular interest for us, as it will be the starting point 
of the generalization suggested in this text. 

Theorem 1.14 (see [MikOO] and [PRllj ). A smooth real algebraic curve 
C C 7a is a simple Harnack curves if and only if its logarithmic Gauss map 
7 : C —> CP 1 is totally real, that is 

7 - 1 (MP 1 ) = MC. 




Figure 2: The amoeba map on a simple Harnack quartic. 
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The equivalent definition given in |MQ07j will be generalized in theo¬ 
rem [I] The equivalent definition given in |Mik01j will also be discussed at 
the end of the section 3.1. 


1.3 Phase-tropical curves 

1.3.1 Tropical curves 

Let us recall briefly some classical notions about tropical curves in the plane. 
All definitions, statements and their proofs can be found in |Mik05j . [ IMS09] . 
and |BTMS15] . 

A tropical Laurent polynomial in two variables x and y is a function 

f(x,y) = “ C («,/3)^V” 

(■ a,/3)eA 

where A C Z 2 is a finite set and the usual arithmetic operations are replaced 
by the tropical ones 

“x + y" = max {x, y} and “xy" — x + y. 

Such a function is piecewise affine linear and convex. The Newton polygon 
New(f) of / is the convex hull of A in R 2 = Z 2 <E>z R- The tropical zero set 
V (/) of a tropical Laurent polynomial / is defined as the subset of R 2 where 
/ is not smooth or equivalently, it is the set of points where at least two 
tropical monomials have the same value. As a first observation, a tropical 
zero set is a piecewise linear graph in R 2 with rational slopes. 

If g is another tropical Laurent polynomial given by 

g(x,y) := • f(x, y)”, 

then 

V(f) = V(g), 

but the converse fails to be true. Without loss of generality, we can and 
we do restrict once again to Newton polygons A contained in the positive 
quadrant and touching the two coordinate axes. 

For a tropical polynomial / of Newton polygon A, consider its extended 
Newton polygon 

A := ConvexHull {((a,/3),t) G R 3 | (a,/3) G A, t > c^ a ,/ 3 )} ■ 
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The projecting on the first two coordinates maps down all closed bounded 
faces of A homeomorphically onto A. It induces a subdivision Subdivj of A. 
Using the Legendre transform, one can observe the following duality 

Proposition 1.15. Let f be a tropical polynomial in two variables. The 
subdivision of M 2 by V(f ) is dual to the subdivision Subdivf of A in the 
following sense 

* 2-cells o/M 2 \U(/) are in bijection with vertices of Subdivf, and 2-cells 
of Subdivf are in bijection with vertices ofV(f), 

* leaves-edges ofV(f) are in bijection with edges of Subdivf, and their 
directions are orthogonal to each other, 

* incidence relations are reversed. 

Moreover, unbounded 2-cells of M 2 \ V (/) are dual to boundary points of A 
and leaves ofV(f) are dual to edges on the boundary of A. 

Definition 1.16. Let f be a tropical polynomial in two variables. For any 
leaf-edge e ofV(f), the weight w(e) of e is the integer length of its dual edge 
e v in Subdivf, that is |e v D Z 2 | — 1. 

Definition 1.17. A tropical curve C cl 2 is a tropical zero set equipped with 
the weights defined in \1. 16[ If A is its Newton polygon, denote by Subdivc 
the subdivision of A dual to C. 

Remark. The convex piecewise affine linear function Sf defining the spine 
of the curve {/ = 0} C (C*) 2 is a tropical polynomial. Equipped with the 
corresponding collection of weights, the spine of an algebraic curve in (C*) 2 
is a tropical curve. 

Among tropical curves, some of them will be of particular interest for us. 
They have both advantages of being very simple and generic. 

Definition 1.18. A tropical curve C C M 2 is simple if its dual subdivision 
Subdivc contains solely triangles and parallelogram. 

In other words, a simple tropical curve has only 3-valent vertices and 4- 
valent vertices given locally as the union of two segments. Simple tropical 
curves can be parametrized uniquely by an abstract 3-valent tropical curve, 
see jMik05j . Rather than defining tropical morphisms on abstract tropical 
curve, we give the following definition instead. 
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Definition 1.19. The normalization C of a simple tropical curve C C M 2 is 
the 3-valent graph obtained as the proper transform of C by the real blow-up 
o/M 2 at all its f-valent vertices. Denote the blow-up by n : C —>■ C. 

Definition 1.20. A simple tropical curve C C M 2 is irreducible if its nor¬ 
malization C is connected. 

Definition 1.21. From now on, we define the vertices (resp. edges, resp. 
leaves) of a simple tropical curve C C M 2 to be the image of the vertices (resp. 
edges, resp. leaves) of its normalization C by the map i r. They form the set 
V(C) (resp. E(C), resp. L(C)) and we denote LE(C ) := L(C) U E(C). As 
a convention, edges and leaves are always open. 

The points of C having two preimages in C are called the nodes of C and 
form the set N(C). 

Definition 1.22. Let C C M 2 be a simple tropical curve and n € N(C). The 
multiplicity of the node n is the natural number 

m(n ) := 2 • AreafnA) 

where n v is the 2-cell dual to n in Subdivc■ A node n is hyperbolic if 
m{n ) = 2. 

We end up this subsection by recalling what is the stable intersection 
multiplicity of two tropical curves C\ and C When C\ and C 2 intersect 
transversally away from their vertices, their intersection number is defined 
by 

^ m p (Ci, C 2 ), 
pec 1 nc 2 

where the multiplicity m p (Ci, C 2 ) at an intersection point p is given by twice 
the area the 2-cell dual to p in Subdivc 1 uc 2 - 

For any curves C\ and C 2 , there is a dense open subset ^Cl 2 such that for 
any v G 6, C\ and C 2 + v intersect transversally as above. By the balancing 
condition, one sees that r m(Ci,C 2 + v) does not depend on v. One defines 
this number to be the stable intersection of C\ and C 2 . For more details, see 
|RST05 
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1.3.2 Phase-tropical curves 


As in section 6 in |Mik05j , consider the change of the holomorphic struc¬ 


ture 


Note that 


* \ 2 


H t : (C*) 2 -G (C*) 


{z,w) i-G ( |^| losCt) jf[, kl log(t) wi 


M 


AoH t = 


log (t) 


A. 


When one denotes C := w) G (C*) 2 | z + w + 1 = 0}, the sequence of 
topological surfaces {H t (£)} t>1 converges in Hausdorff distance to the so- 
called phase tropical line L, when t —> oo. Topologically, L is obtained as 
the gluing of three holomorphic annuli to the coamoeba of £, as pictured in 
figure [3] Its amoeba A{L) is the classical tropical line A with vertex at the 
origin. 

{z = w} 

{^ = i} 

L C (C*) 2 

'{* = 1} 


A c 



/ 


Figure 3: The hbration A : L —)• A. 

Recall that a toric morphism A : (C*) 2 —» (C*) 2 is a map of the form 
(z,w) t-)- (biz ail w ai2 , b 2 z a21 w a22 ) 

where (61, b 2 ) € (C*) 2 and {a t j) G M 2 x 2(2). It descends to an affine linear 
transformation on R 2 (■ resp. on T) by composition with the projection A 
(■ resp. Arg) that we still denote by A. 

Definition 1.23. A general phase-tropical line T C (C*) 2 is the image of the 
phase-tropical line L by any toric morphism A : (C*) 2 —y (C*) 2 . For a simple 
tropical curve CcR 2 and any vertex v G V(C), denote by T v C C the tripod 
obtained as the union of v and its three adjacent leaves-edges in C. 
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Definition 1.24. A simple phase-tropical curve V C (C*) 2 is a topological 
surface such that : 

* its amoeba A(V) is a simple tropical curve C C M 2 , 

* for any v G V(C), there exists a general phase-tropical line C (C*) 2 
such that (A| r ) 1 (T v ) = A -1 ^) fl 

* for any e G E{C), v\ and v -2 its two adjacent vertices in C, F, ;i and T V2 
coincide on A _1 (e). 

Remark. Phase-tropical curves have been introduced in |Mik05j . with a 
slightly different terminology, and are extensively studied in the unpublished 
work (MikJ. For more details, one refers to jLan m- 

Similarly to Riemann surfaces, simple phase-tropical curves can be de¬ 
scribed in terms of Fenchel-Nielsen coordinates, see |Lanl5j . 

Recall that the coamoeba Arg(C) is the union of two open triangles delim¬ 
ited by three geodesics plus their three common vertices. As a convention, 
we fix a framing on each of the boundary geodesics of Arg(C) according to 
the up-leftward triangle, see figure |4j These framings are fixed by any of the 
6 toric automorphisms of £. 



Figure 4: The coamoeba of £, and the framings of its 3 boundary geodesics. 

Now, recall that for any general phase-tropical line T := A(L), one 
has that ^4(T) = A (A) and that the fiber in T over A(r) is Arg(T) = 
A (Arp(A)) = A(Arp(£)). For any general phase-tropical line T := A(L), 
one carries the framings of Arg( A) to framings on Arg{T) = A (Arp (A)) by 
the map A. By construction, it does not depend on the choice of A. 
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With these framings, any boundary geodesic is canonically isomorphic as 
an abelian group to S 1 C C. 

For a simple phase-tropical curve V, with C := A(V), and two vertices 
Vi,v 2 G V(C) connected by an edge e G E(C), the holomorphic annulus 
(*4.| v ) (e) maps to a geodesic y e in the argument torus. This is a common 

boundary geodesic of the two coamoebas (*A| V ) 1 (i>i) and (*4.^) 1 (v 2 ). The 
two induced framings on y e define an orientation reversing isometry of the 
form 

t 2 l o n : S 1 —> S 1 


Definition 1.25. For any e G E{C), the element e ld G S 1 constructed above 
is called the twist parameter of the edge e. 

Definition 1.26. A simple real-tropical curve V C (C*) 2 is a simple phase- 
tropical curve that is invariant wider complex conjugation. We denote by 
MV" C (M*) 2 its real point set and by TV the image ofRV under the diffeo- 
morphism 

A s : (M*) 2 -> M 2 x (Z 2 ) 2 

i x >y) ^ ((H ln M>M ln M),(^|j))- 

Remark. Note that by composing the map A s with 

Abs : M 2 x (Z 2 ) 2 —>• M 2 

((x,y),(£,8)) kg {ex,Sy), 

one recovers the map A. Note moreover that the real locus of any holo¬ 
morphic annulus (*A| V .) (e) above e G LE(C) has exactly two connected 

components, whenever it is defined over M. 

The following results are easy consequences of the above definitions. The 
proofs are left to the reader. 

Proposition 1.27. Let V C (C*) 2 be a simple real tropical curve and denote 
by C := A{V) its amoeba. Then TV is a piecewise linear curve and Abs : 
TV —» C induces a 2-to-l correspondence between LE(TV) and LE{C). 

Proposition 1.28. The twist parameters of a real-tropical curve V C (C*) 2 
are always contained in {—1,1} C S 1 . 
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2 Definition and construction 


2.1 Definition and first properties 

From now on, the notion of simple Harnack curve will always refer to the 
following definition. 

Definition 2.1. An irreducible real algebraic curve C C 7a is a simple Har¬ 
nack curve if it is irreducible and 


F = EC. 


By the lemma 1.5, one has the following reformulation. 


Definition 2.2. An irreducible real algebraic curve C C 7a is a simple Har¬ 
nack curve if and only if its logarithmic Gauss map 7 is totally real. 


This generalizes the notion of simple Harnack curve originally given by 
Mikhalkin, via the theorem 1.14 The only difference here is that a simple 
Harnack curve is not required to be smooth. We will see later that it allows 
many other cases to appear. 


Remark. The latter definition of simple Harnack curve implies that MC C C 
is of type 1, i.e MC \ C has exactly two connected components. 


In order to get the first general properties of such curves, let us reproduce 
a construction due to [ MQ 07 l| : for a curve C C 7a consider the map 

Alga \ C° —y T 

( z,w ) 1 —y (2 arg(z),2 arg(w)). 

Define Cbi to be the real blow-up of C at every point of C^. For any point 
p G Coo denote by P p the fiber of Cbi —» C over p. By construction, one has 
the factorisation CA rg —y Cbi —> C inducing a double covering S p —y P p for 
any p G C^. 

Lemma 2.3. The map Alga naturally extends to 


Alga : Cbi —> T. 
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Proof By lemma 4.3, Alga extend to CArg- For any p and any point in 


P p , its two preimages in S p are mapped to the same value by Alga. Hence, 
Alga : CA rg —*■ T factorizes through Cbi■ □ 

Dehne the subset C 0 C Cbi to be AlgaV 1 ( {0^} )• Note that 

'C-Bl V 

Alga- 1 ({Or}) = {R*) 2 . 

Thus, it implies that C o is the union of RCbi plus some isolated points, when¬ 
ever C is defined over M. In this case, the isolated points of C 0 come either as 
the trace of solitary double points of MC or from non transverse intersection 


with a toric divisor at infinity. Indeed, by lemma 4.3 if C intersects a divisor 
T> s with multiplicity m at a point p G Coo, there are exactly m points in the 
exceptional divisor P p belonging to C 0 , and exactly one of these belongs to 

RC-bi- 

Lemma 2.4. An irreducible real algebraic curve C C 7a is a simple Harnack 
curve if and only if 

Alga : Cbi \ Co —> T \ {O-p} 
is an unbranched covering. 


Proof By lemma [1~5| and the remark above, the latter statement is an equiv¬ 
alent reformulation of definition 12.11 □ 


Dehne at last T to be the real blow-up of T at Oy, and C to be the real 
blow-up of Cbi at Co- As blowing-up at a smooth submanifold of codimension 
1 doesn’t change the surface, blowing-up is effective only at isolated points 


Theorem 1. An irreducible real algebraic curve C C 7a is a simple Harnack 
curve if and only if the map Alga : Cbi\Cq —> T\{0r} extends to a covering 

Alga : C —>■ T. 


Proof Let C be a simple Harnack curve. By definition, the map 
Alga : Cbi —> T is regular at the isolated points of C 0 . Hence, the map 
Alga : Cbi \ C 0 —> T \ {0^} extends to T in a tautological way at these 
isolated points. At a point of RCbi, blowing-up consists of considering the 
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normal direction to M.Cbi in the tangent space. 


line bundle Ci m introduced in the proof of lemma 4.2 


This actually specifies the 
The projectivized 


tangent map of Alga realizes a covering of the exceptional divisor of T by 
£/ m , giving the extension Alga : C —> T. 

Conversely, if C is such that Alga 
simple Harnack curve. 


C —y T, lemma 


2.4 


implies that C is a 

□ 


Corollary 2.5. If C C 7a is a simple Harnack curve, then 

Area A rg,m{C) = 7r 2 ( - y(C)). 

If moreover C has no real solitary double points and if it intersecting transver- 
sally every toric divisors at infinity, then 

Area Ar g,m(C) = 7r 2 ( - y(C°)). 

Proof ft is clear by definition that Area Arg:Jn (C ) = 4 Area A i ga ^ m [C), where 
Area A i ga ,m{C ) is defined similarity to Area ArgjTn (C). By theorem [lj 

Area A iga, m (C) = Area(T) ■ deg Alga = 47r 2 • ( - x(C)). 

The first part of the statement follows. For the second one, the assumptions 
are such that Co has no solitary double point. It implies that C = Cbi, but 
x(Cbi) = X(C°). ^ □ 


2.2 Tropical Harnack curves 

Definition 2.6. Let C C M 2 be a simple tropical curve with normalization 
C. For every oriented loop Ac C, and X the corresponding oriented loop in 
C, denote by T A C E(C) fl A the subset of oriented edges that forms, together 
with its previous and following edges in X, a non convex piecewise linear curve 
in M 2 . 

Definition 2.7. 2ln irreducible simple tropical curve Cci 2 with normal¬ 
ization C is a tropical Harnack curve if for every oriented loop Ac C, one 
has _ 

w(e) ■ vg = 0 mod 2 (1) 

eer A 

where vg is the primitive integer vector supporting the oriented edge e, and 
w(e) is the weight of e. 
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Figure 5: Tropical cubic, quadric and quintic. Both the cubic and the quintic 
are Harnack whereas the quartic does not satisfy (JTj) in definition 2.7 


Note the similarity with the condition of “twist-admissibility” of definition 
3.3 in [ BIMS15 ], We now give another equivalent characterization of tropical 
Harnack curves. 


Definition 2.8. An edge (resp. a leaf) of TV is defined to be one of the two 
connected components mapping onto an edge (resp. a leaf) of C. They form 
a set denoted E(TV) (resp. L(TV)). Their union is denoted LE( TV). 

Let V C (C*) 2 be a real-tropical curve. An inflection pattern of TV is a 
collection of three consecutive elements of LE(TV) that is not convex. 

Proposition 2.9. An irreducible simple tropical curve C C M 2 is a tropical 
Harnack curve if and only if there exists a simple real-tropical curve V C 
(C*) 2 such that 

* A(V) = C, 

* TV has no inflection pattern. 

In such case, V is unique up to the four sign changes of the coordinates. We 
refer to such V as a phase-tropical Harnack curve. 


Let us now recall how one can recover the curve TV of a phase-tropical 
Harnack curve from its underlying tropical Harnack curve C := A(V). 
According to propositions 1.27 and 2d), each connected component of TV is 
convex and the map Abs : LE(TV) —> LE(C) is 2-to-l. It follows that each 
such connected components maps to exactly one of the boundary components 
of an infinitely thin ribbon R on the normalization of C (see figure [6]). Hence, 
TV can be recovered from the data of a pair of signs on each connected 
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component of OR. 

One has to make a choice as there are four possible phase-tropical curves V 
sitting above C. Once we fix the quadrant of one of the components of dR , 
the others are prescribed by the following rule. The signs of two components 
of dR that bound the same element of e G LE{C) are obtained by adding 
(a, b ) mod 2, where (—6, a) is a primitive integer vector supporting e. Indeed, 
the fiber of A\y over e is a holomorphic annulus given by an equation of the 
form 

z~ b w a = c 

where c G M*. This annulus realizes the class (a, b ) G H i((C*) 2 , Z) and maps 
to a geodesic of slope (a, b ) in T under klrg. This geodesic contains exactly 
two points of the real subtorus (Z 2) 2 C T obtained one from the other by 
adding (a, b) mod 2. 






n 


TV 


E 




Figure 6: Recovering TV from the topical Harnack curve C. 


We end up this section with the proof of proposition 2.9 


Definition 2.10. The edge of a simple real-tropical curve is twisted (or has a 
twist) if its twist parameter is -1. It is not twisted (or has no twist) otherwise. 


Note that we made a slight abuse of language by speaking about edge 
of a simple phase-tropical curve rather than edge of its underlying simple 
tropical curve. 
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Lemma 2.11. Let V C (C*) 2 be simple real-tropical curve. Then the inflec¬ 
tion patterns of TV are in 2-to-l correspondence with the twisted edges of 

V. 

Proof The latter can be formulated in terms of signs distribution in combi¬ 
natorial patchworking, see for example section 3 of [ BIMS 15] and references 
therein. A simple computation allows to describe the two possible cases pic¬ 
tured in figure [7] below. □ 



Figure 7: TV over C in the twisted (left) and non-twisted case (right). 


Proof of proposition 2.9 Suppose there is a simple phase-tropical curve 
V C (C*) 2 such that A(V) = C and TV has no inflection pattern. By the 
previous lemma, it is equivalent to the fact that V has no twisted edges. 
For any vertex v € A, there is a distinguished point among the three special 
points of the coamoeba (*4.| v ) (u), namely the intersection point of the two 

geodesics corresponding to the two edges in A adjacent to v. Let us look at 
the position of this distinguished point in the argument torus T while going 
around A. Going from a vertex v to the next one via an edge e, the point is 
moved according to the following rule : if e is not in Ta, then this point is 
fixed; if e is in Ta, this point is moved by tt ■ w(e) ■ vg in T. After a full cycle, 
the distinguished point has to come back to its initial place. This is clearly 
equivalent to the condition stated in definition 2.7 on the loop A. Hence C 
is a tropical Harnack curve. 


Conversely, if C satisfies the condition of definit ion |2.7| for any cycle, pick an 
initial vertex u 0 on C. There is exactly one possible general phase-tropical 
line r„ 0 such that (-4| v ) (T„ 0 ) = r„ 0 fl A^flTyfl, up to the four changes 

of signs of the coordinates. The twists determine the gluing of the general 
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phase-tropical lines above adjacent vertices along the common edge. Hence, 
once r„ 0 is fixed, the adjacent general phase-tropical lines are also fixed. The 


first part of the proof shows that the condition of definition |2.7| is neces¬ 
sary and sufficient for this construction to close up along every cycle A. The 
proposition is proved. □ 


2.3 Construction by tropical approximation 

After Viro introduced his patchworking techniques in the late 70’s, see |Vir80j . 
it has been extensively used to construct real algebraic hypersufaces with pre¬ 
scribed topology. In the case of curves, Mikhalkin’s approximation theorem 
even extends the possibilities given by Viro’s method. In particular, the point 
of view of parametrized objects suits better for constructing singular curves. 
Here is a particular case of Mikhalkin’s theorem. 

Theorem 2.12 (Mikhalkin). Let V C (C*) 2 be a simple real-tropical curve of 
Newton polygon A such that its normalization V has genus g and n punctures. 
Then, there exists a family of Riemann surfaces {St } t>>1 C M. g , n together 
with a family of immersions i t : S t —> (C*) 2 such that 

* i(Sf) is a real algebraic curve of newton polygon A, 

* i(S t ) converges in Hausdorff distance to V. 

Proof See |Lanl5j . □ 


Definition 2.13. Let C be a tropical Harnack curve of Newton polygon A. 
Define Top(C) to be the topological triad 


(RTa, MV, 1JMP S ) 

s 


up to homeomorphism. Here, s runs over all the sides of A and V is one of 
the four simple phase-tropical curves of proposition 2.9 \ sitting above C. 


Thanks to Mikhalkin’s approximation theorem, one can prove the follow¬ 
ing. 
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Theorem 2. Let C be a tropical Harnack curve of Newton polygon A, then 
there exists a simple Harnack curve C C 7a such that 

(m.Ta, MC, = Top{C). 

s 

Before giving the proof, let us briefly illustrate why the latter theorem 
provides new instances of simple ffarnack curves. In the previous literature, 
simple Harnack curves have been considered with only real solitary double 
points as possible singularities, see [MROl] and [ KQ06] for example. By ap¬ 
proximating tropical Harnack curves one can construct simple Harnack curve 
with hyperbolic nodes, see figure [6] for example. 

As another new instance, One can construct simple Harnack curves with 
complex conjugated double points. In the figure [8j we illustrate the con¬ 
struction of a curve of bi-degree (4, 2) in P 1 x P 1 . Such curve has arithmetic 
genus 3. The curve pictured here has one hyperbolic node on its real part and 
the tropical node of multiplicity 4 is responsible for two complex-conjugated 
double points. 



Figure 8: TV C P 1 x P 1 for the tropical Harnack curve C. 

We end up this section with the proof of theorem [2j Let V be a phase- 
tropical Harnack curve with C := A(V). By blowing up V, one obtains a 
smooth topological surface V with a real structure. It provides a parametriza- 
tion i : MR —» MR. As MR C V is of type 1, the choice of an half of R defines 
an orientation on MR. Now, any small deformation t £ of t has a well defined 
logarithmic Gauss map as long as A o l £ is smooth. Orient MR such that 
deg % > 0. This degree does not depend on the deformation t £ . 

Definition 2.14. Define the logarithmic curvature o/MR to be deg^ £ . 
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Proposition 2.15. The logarithmic curvature o/ME is equal to —y(E). 

Proof On one hand, — y(E) is equal to the number of vertices of C. To see 
this, cut C at the middle of any of its edges. As C has only 3-valent vertices, 
it splits into a collection of tripods, one for each vertex of C. The part of E 
sitting above any of these tripods is a topological pair-of-pants, having Euler 
characteristic -1. Additivity of Euler characteristic implies the above claim. 
On the other hand, one can compute the total logarithmic curvature of ME 
by computing its local contributions. By the very definition, these contribu¬ 
tions are concentrated at the vertices of TV. It corresponds to l/n times the 
measure of the solid angle between the two normals at the vertices of TV (see 
figure 4 in [BLR13j), counted with signs depending on how TV changes in¬ 
flection between to consecutive vertices. As TV has no inflection pattern, this 
local contributions should all be counted positively. Now, for each vertex of 
C, there correspond three vertices of TV. One easily sees that the local con¬ 
tributions at these three vertices add up to 1, see figure 5 in [ BLR13 ]. Hence 
the total logarithmic curvature of ME is also equal to the number of vertices 
of C, that is the number of vertices of C by convention. The result follows. □ 


Proof of theorem [2J For t large enough, the immersed curve o(St) in 
theorem 2.12 realizes the topological type Top(C). Denoting by C such im¬ 
mersed curve, it remains to show that, necessarily, C is a simple Harnack 
curve. By the very definition of 2.14, one has that the degree of 7| KC is equal 
to the total logarithmic curvature of ME, for any phase-tropica l Har nack 
curve E sitting above C. This is equal to — x(E) by propo sition |2.15 But 
— x(V) — — x(C°), by construction of C, see theorem 


2.12 


By proposition 

this is exactly the degree of 7. Hence, the logarithmic Gauss map 7 is 
totally real. By proposition [272j it implies that C is a simple Harnack curve. □ 


1.4 


2.4 Tropical Harnack curves with a single hyperbolic 
node 

The purpose of this section is to show that the topological types for tropical 
Harnack curves with a single hyperbolic node are indexed by the pairs (A, v) 
where A is the degree of the curve and v is a smooth vertex of A. Recall 
that a vertex is said to be smooth if the toric surface 7 a is smooth at the 
corresponding vertex. 
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Proposition 2.16. Let C C M 2 be a tropical Harnack curve of Newton 
polygon A with a single hyperbolic node n. Then the parallelogram n v dual 
to n in Subdivc has exactly three of its vertices on the boundary of A. These 
three vertices are distributed on two sides of A that are adjacent to a smooth 
vertex is of A. 


Proof Suppose n v has at least two vertices v\ and v 2 in the interior of A. 
Consider the polygonal domain P of A obtained by taking the union of n v 
together with all the minimal triangle of Subdivc having V\ or v 2 as a vertex. 
Consider the subset of C dual to P. Then, its normalization in C a single 
loop A. There are two cases : either v\ and v 2 are consecutive or opposite in 
n v . In the first case, T^ is a singleton. In the second, T^ is exactly composed 
of the two leaves-edges forming the node n. In both case, the condition of 
definition 2.7 is not fulfilled. Hence, we get a contradiction. 

If n v has its four vertices on the boundary A, then C is reducible. This is a 
contradiction. 

Then, n v exactly three of its vertices on the boundary of A. Either the mid¬ 
dle vertex is a vertex of A, and this is then a smooth one, or one of the two 
sides of n v specified by the three vertices is on a side of A and a minimal tri¬ 
angle is attached to the other side. The vertex of this triangle not contained 
in n v is the smooth vertex of A we are looking for. □ 


Two projectively equivalent tropical polynomial of degree A give the same 
tropical curves, but the converse is not true in general. It only holds on the 
subspace of polynomials for which every tropical monomial dominate the 
others for at least one point. This is easily seen to be a closed polyhedral 
domain in MP fc_1 , where k is the number of integer point in A. Tropical 
curves of degree A will always be seen as point in this polyhedral domain. 

Definition 2.17. Let C C M 2 be a tropical Harnack curve with a single 
hyperbolic node n. We say that the node of C is next to is if is is the smooth 
vertex of the Newton polygon of C given in the previous proposition. 

Denote by TTLa,u the interior of the closure of the space of tropical Harnack 
curve with a single hyperbolic node next to is inside the space of tropical curves 
of degree A. 


Remark. Curves of TTLa,u are tropical curves with maximal number of com¬ 
pact holes and a 4-valent vertex as prescribed by proposition 2.16 The other 
vertices can be of any valency (greater than 3). 
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Proposition 2.18. The topological type Top(C) of any simple Harnack curve 
C G THa,u is unique and will be denoted by Top( A,i/). 


Proof Up to toric transformation of (C*) 2 , one can assume that u = (0,0) 
and that its two adjacent sides are supported on the x- and the y- axes. Con¬ 
sider the subdivision Subdivc dual to A. By proposition 2.16 , the unique 
parallelogram of Subdivc can only be of one of the following type 



The connected components of the space of tropical Harnack curves inside 
TTLa.u are characterized by the combinatorial type of Subdivc■ For a fixed 
position of the unique parallelogram of Subdivc, one can pass from one com¬ 
binatorial type to another by allowing extra quadrilaterals. Doing so, one 
see that the unfolding procedure giving TV from C (see end of section 2.2) 
gives the same topological type. 

In order to change the parallelogram of Subdivc according to an arrow of 
the above picture, one need first to move to a particular combinatorial type. 
Indeed, Subdivc has to contains the minimal triangle such that its union 
with the parallelogram is the trapezium obtained as the union of the two 
parallelograms at each sides of the concerned arrow, see the picture below. 



Once again, we see that passing from one parallelogram to another by such 















deformation does not change Top(C). 


□ 


3 Simple Harnack curves with a single hyper¬ 
bolic node 

3.1 Statements of the main theorems 

In this section we undertake the classification of the topological triads 

(m7a, KC, 

S 

for simple Harnack curves C with a single hyperbolic node in any toric surface 
7a- We obtain the following. 

Theorem 3. Let C C 7a be a simple Harnack curve with a single hyperbolic 
node. Assume moreover that C intersects transversally every toric divisor at 
infinity. Then, there is a smooth vertex v of A such that 

^M7a, KC, [jMXbj —Top{A,u). 

S 

In the latter theorem, one had to specify the intersection profil at infinity, 
as the topological classification depends on it. Transversality is a genericity 
assumption, and the general case can be deduced easily from the generic one. 



Figure 9: A projective Harnack curve of degree 8 with an hyperbolic node. 
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Definition 3.1. Let C C 7a be a simple Harnack curve with a single hyper¬ 
bolic node. The node of C is said to be next to u if u is the smooth vertex of 
its Newton polygon given in the previous theorem. 

Denote by TLa.v the space of simple Harnack curve with Newton polygon A 
and with a single hyperbolic node next to v. 

The space of simple Harnack curves Ham can be seen as a subset of the 
projective space of polynomials supported inside A. Hence, TLa,v C MP^ 1 
where k is the number of integer points of A. 


Theorem 4. The spine of a curve in TLa,u is a tropical curve in TTLa,v The 
induced map 

y : Ha,u TH AiV 

is a local diffeomorphism. 

Remark. The only possible singularities of a simple Harnack curve in TLa,v 
are either real isolated double points or a unique cuspidal point. Indeed, the 
local coordinates given by the above theorem allows to perform contraction 
of ovals by contraction of holes of the spine. It gives rise to real isolated 
double points in the limit or a cusp, depending whether one contracts some 
of the smooth holes or the one next to the tropical node. 

Remark. The map y is not a global diffeomorphism, even on each con¬ 
nected component of the source, as it is not surjective. Indeed, performing 
contractions of holes at the tropical level, the corresponding ovals of a sim¬ 
ple Harnack curve upstairs contract before the tropical ones. It implies in 
particular that the map 5? does not extends continuously at the boundary 
of TLa,v Nevertheless, it is an interesting question to determine the image 
of y, even in the smooth case, and whether it is a diffeomorphism on it. 
Note that the variational principle used in I KO06 to parametrized simple 
Harnack curves by the area of the holes of their amoeba still holds. The only 
difficulty to carry this approach to the present case lies in the study of the 
rational case. 

3.2 Some technical conventions 

In the rest of the paper, C C 7a will be a simple Harnack curve with a 
single hyperbolic node p. We denote by the connected component of MC° 
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containing p, and by (p its normalization in IRC°. 

Up to toric transformation of (C*) 2 , one can and do assume that A has an 
horizontal side supported on the x-axis. We will denote 

b |<9AflZ 2 | and g := \lnt(A) D Z 2 | 

and refer to m as the number of sides of A. 

We will always give <9 A the counter-clockwise orientation. It induces a cycli¬ 
cal order on the set of sides of A. We formalize it by a bijection 


Z/mZ —y the set of sides of A 
3 ^ s j 


such that Si is the horizontal side of A supported on the x-axis. For each 
side Sj, j G Z/mZ, there is a unique primitive integer vector Vj, j G Z/mZ, 
supporting s,- and coherent with the orientation of <9A. 


By lemma 4.2 we can and we do orient each connected component d of IRC 


such that *4.(MC°) is a locally concave parametrized curve. 

For any u-oval d, this orientation induces a cyclical order on the set (with 
possible repetitions) of the toric divisors T> s as they are encountered by d. 
We formalize it by a map 


Z/m,?Z —y 'L/mL —y the set of sides of A 

j #(j) ^ s m 

where m$ is the number of points of ^oo := C^ fi d. Denote also tU := ’d\ t} 00 . 
Note that the map on the left is not necessarily injective, and is defined up to 
translation. For our purpose, we do not need to specify this map any further. 
For two vectors u and v in the plane, we denote by Z(u,v) the measure of 
the oriented angle from u to v with values in [0; 2n[. 

Definition 3.2. The index of a u-oval d o/IRC is defined by 
indfid) = A v *Ub v W+ b) 


3.3 Proof of the main theorems 

The proofs of theorems [3] and [4] go by the following results. 
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3.3.1 Topological maximality 


Contrary to Mikhalkin’s original definition, no topological constraint explic¬ 
itly appears in definition 2.1 except that simple Harnack curves are always 
of type 1. In particular, it is a priori not guaranteed that simple Harnack 
curves are M-curves. In the present case, one has the following. 


Definition 3.3. Let C C 7a be a simple Harnack curve. A connected com¬ 
ponent ofRC is called a u-oval if it intersects C^, and a b-oval otherwise. 

Proposition 3.4. Let C C 7a be a simple Harnack curve with a single 
hyperbolic node. Then, the normalization MC C C is an M-curve. Moreover, 
MC is the union of (g — 1) b-ovals and a single u-oval, where (g — 1) is the 
genus of C. 


The proof goes by an estimation of the contribution of each connected 
component of the real part to the logarithmic Gauss map, case by case. We 
postpone it to the appendix. 


3.3.2 Lifted coamoebas 

The latter proposition implies that the normalization of such simple Har¬ 
nack curve admits the following decomposition 

c : = r u k u c + 

where C~ and C + are exchanged by the complex conjugation a on C. As 
Arg o a = —id o Arg, the map Arg is orientation preserving on one “half’ 
of C and orientation reversing on the other. By convention, fix C + to be the 
one where Arg is orientation preserving. 

Let us also introduce the following notation : if v is a smooth vertex of a 
Newton polygon A, denote by A v C A the polygonal domain obtained by 
removing the parallelogram of area 1 in the corresponding corner of A. 

Proposition 3.5. Let C C 7a be a simple Harnack curve with a single 
hyperbolic node next to v. Then, the restriction to C + of the argument map 
Arg lifts to the universal covering M 2 of T. Moreover, its lift Arg 0 is a 
diffeomorphism and 

Arg 0 (C +) = t(A„) 

where r is the composition of a rotation by —Txj^ and a homothety by n. 
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The proof goes as follows : first one sees that the boundary is a piecewise 
linear curve obtained by concatenation of the “side” of A and, regarding this 
constraint, one shows then that the only possibility for this curve to enclose 
a domain of area predicted by corollary 2J3 is the one described above. We 
postpone it to the appendix. 


Remark. The idea of lifting coamoebas already appeared in [NPlO'j. Here, 
the latter proposition replaces the 2 -to-l property of the amoeba map used 
for the topological classification of smooth simple Harnack curves in (MikOOj . 
Despite it could have been used there, it cannot be applied in general (con¬ 
sider for instance the quintic of figure [5]). 


3.3.3 Spines 


Up to a toric transformation, one can assume that A contains the three 
points ( 0 , 0 ), ( 0 , 1 ) and ( 1 , 0 ) and that v = ( 0 , 0 ). ft induces the local 
compactihcation of (C*) 2 by C 2 in 7a, where the two toric divisors adja¬ 
cent to v are the two coordinate axis. By corollary |4.10[ the two asymp¬ 


totes of A{ip) are horizontal leftward and vertical downward. As before, let 
p = (pi,P 2 ) £ (C *) 2 be the node of C, and choose £ 1 , £ 2 > 0 such that the 
point (log |pj_ | +£ 1 , log |p 2 1 +^ 2 ) belongs to the compact connected component 
of the complement of .A(MC) delimited A{gf). Define the following sets 


R := {(x,y) E M 2 | x < log |p x [ + e u y < log |p 2 1 +£ 2 } , 

H \= {(x,y) E M 2 | x < log \p\ | + £ 1 , y = log |p 2 1 + £ 2 } , 

V : = {(: x,y) E M 2 | x = log |pi| + £ 1 , y < log |p 2 | +£ 2 } ■ 


Lemma 3.6. d(A(C) D R c ) = ^f(MC) fl R c . «4| _i is at most 2-to-l. 

For any connected component C of A^ 1 (R) in the normalization C, A\ c is at 
most 2-to-l. 


Proof From the way R was chosen, A is an embedding on each connected 
component of MC fl A~ 1 (R C ). For any such component, its image by A split 
R c into two halves. The proof is then the same as the one of lemma 8 in 


jMiknnj . 


□ 


Lemma 3.7. One has the following decomposition C fl yf~ 1 (i?) = Ch U Cy 
where Ch and Cy are two connected Riemann surfaces with boundary such 
that A(dCn) C H and A(dCy) C V. Moreover, A is at most 2-to-l when 
restricted to Ch or Cy. 
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Proof Draw a curve in the interior of A(C)nR c that starts on A(<p) and ends 
on the boundary of a non compact component of the complement of A(C) C . 
By the above 2-to-l property, its lift in C is a topological circle p invari¬ 
ant under the complex conjugation that cuts the unique w-oval of C in two 
connected components. Indeed, the single u-oval of MC intersects ^4 _ 1 (i?) 
in exactly two connected components an and ay intersecting respectively 
only A~ X (H) and only A^iV). It follows that p cuts C into two connected 
components intersecting either A~ 1 (H) or «/4 _ 1 (P). Denote the intersection 
with A~ l {R) of these components Ch and Cy respectively. Ch has a con¬ 
nected component containing a#. The amoeba of any other other connected 
component of Ch has to have a non compact complement component in R , 
bounded by an arc joining H to V, contradicting the fact the p splits C. 
The same argument applies to Cy and we conclude that both Ch and Cy are 
connected. 

The proof of the 2-to-l property goes the same way as before. □ 


Lemma 3.8. There exists two functions g and h holomorphic on .A _ 1 (.R) 
such that C v (resp. Ch) is the zero set of g (resp. h) and g ■ h = f where f 
is a polynomial defining C. 

Proof The closure of A~ 1 (R) in 7 a is a polydisc D centred at the origin, in 
the local compactihcation C 2 of (C*) 2 . Let us consider an irreducible compo¬ 
nent C of Cy or Ch- By the classical implicit function theorem, there exists 
an open covering D C (J jty and a collection of function gj holomorphic on 
Uj such that the zero set of g-j is exactly Uj D C. Hence the quotient gj/gk is 
a nowhere vanishing holomorphic function on the overlap Uj D 74- We are 
looking for a global function g holomorphic on D such that its zero set is 
exactly C or equivalently such that g/gj is a nowhere vanishing holomorphic 
function on U r This amounts to solve the second Cousin problem, in the 
holomorphic case. As D is a Stein manifold, such that i7 2 (D,Z) = 0, the 
result follows from theorem 7.4.4 in lHo90| . □ 

The local factorization of / on A~ 1 (R) induces a splitting of its associated 
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Ronkin function on R, that is 


N f (x,y) := 


log\f(z,w)\ 


dz A dw 


(2 ztt) 2 J A - Hx>y) zw 

1 f log \g(z,w) \ + log \h(z,w)\ 
(2m) 2 zw 


dz A dw 


=: N g (x, y) + N h (x, y). 

To each of the latter Ronkin functions, one can associate their respective 
spines TA g and <5^, as in |PR04] . These are two tropical curves in the domain 
R such that the amoeba A(Cy) (resp. A(Ch)) deformation retracts on 5A g 
(■ resp. S^h), see theorem 1.14 


Recall that Af is the set of connected components of the complement of 
A(C). Similarly, denote Ah (resp. A g ) the set of connected components of 
the complement of A(Ch) (resp. A(Cy) in R. The same properties hold for 
N h and N g and 5A g and ,5A h are defined the exact same way as If one 
denotes by A ^ the elements of Af intersecting R, convexity implies that 

( S f) \r = ma ;X Nf 


= max Nu + max N c n 


aeA^ 


aeAj? 


< max N? + max N° n 


aeA h 




= S h + s, 


9i 


where the elements of A j are seen as subsets of the elements of Ah and A 


in the second equality. There is equality if and only the maps A j? 


—>• 


9 

Ah 


and Aj —y A g given by the inclusion are both surjective, or equivalently no 
connected component of the complement of A(Ch) is included in A(Cy) and 
Note that in such case 


vice versa. 


y f rR = y h u y g . 

Lemma 3.9. The stable intersection of AA g and in R is 1. 
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Proof Deform the tautological embedding i\ : Ch (C*) 2 in a family 
{it} t > i such that A o i t is the homothety of ratio 1/t centered at along 
the leaves of a foliation of A(Ch) as in hgure 6 of [Mik04| . and such that 
Arg o i t = Arg o t 1 . Deform similarly Cy and denotes Cfj.t and Cyj the 
deformations at a time t. As A(Cy tt ) fl H = A{Cn,t) n V = 0, one has 
Cn,t H Cy tt = 1 for all t. Let us show on the other side that these intersection 
numbers converge to the stable intersection of 5A g and 5A h . Up to a small 
translation, assume that they intersect transversally, away from their vertices. 
The 2-to-l property of lemma [316] implies that, near an intersection point p of 
y'g and SA h , Cff.t and Cy )t are topological cylinders, for t large enough. Their 
local intersection multiplicity is given by the intersection of the corresponding 
classes in Hi ((C*) 2 , Z). Each class is given by the difference of the indices 
of the complement components of their respective amoebas, see the proof of 
lemma 11 in iMikOOj . Hence, it is also the local intersection multiplicity of 
y g and 5A h at p. □ 


Lemma 3.10. SA g and 55A h are trees. Their Newton polygons are either seg¬ 
ments of integer length 1 or triangles without inner integer points. 

Proof ,5a h has exactly one vertical leaf going downward, and ,5A g has ex¬ 
actly one horizontal leaf going leftward. Indeed, they have at least one by 
assumption, and cannot have more otherwise the stable intersection of ,5A h 
and TA g would be greater than 1, contradicting the previous lemma. If Ah 
and Ah are the respective Newton polygons, the latter implies that A h is 
bounded from below by an horizontal side Sh of length 1 and A g is bounded 
from the left by a vertical side sy of length 1. For A g , the side attached at 
the top of sy, if there is, is strictly slanted toward the right, otherwise the 
corresponding leaf of 5A g would intersect H. The side attached at the bottom 
of sy, if there is, is horizontal or strictly slanted toward the left, otherwise 
the corresponding leaf of 5A g would intersect the vertical leaf of 5A h , up to 
translation, contradicting the previous lemma. The only possibility is that 
A g is either a binomial or a right angled triangle with integer height 1. The 
same arguments apply for A h- □ 

Proof of theorem [4] By the previous lemma, every connected component 
of the complement of A(Ch) and A(Cy) are unbounded in R. It implies that 
no connected components of the complement of A(Ch) is hidden by A{Cy) 
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and vice versa. By the previous remarks, it implies that 


n r = y h U STg. 


It implies also that A(C) has exactly g visible holes, which is the maximal 
possible. Indeed, the previsous lemma implies that none of the (g — 1) b- ovals 
of MC intersect *4 _1 (-R), and A is at most 2-to-l on this space, by lemma 3.6 


Hence, their image by A bounds a compact component of the complement. 
The same holds for the singular loop of A{<p). Hence, the complement of 
has also g compact connected components. By lemma 3.9 
hyperbolic node 


possess an 
The fact that 


It follows that is an element of THa. 
the map 5^ is local diffeomorphism results from the arguments of proposi¬ 
tion 6 in KQ06 . In the present case, the coordinates on the target space 
are the intercept of the (g — 1) compact ovals of the normalization, plus the 
boundary coordinates. □ 


Proof of theorem [3] The theorem can be deduced from the existence of 
a deformation retraction of A(C) onto S?f such that A(Ch) retracts on 5F h 
and A{Cy) retracts on 5? g . Indeed, using the 2-to-l property of lemma 3.6 
such deformation is equivalent to an isotopy of the map A : C/cr —>■ to 
the immersion of a ribbon R around the normalization of S^(C) (see section 
2 .2). Hence, the topological type of C can be recovered from by 5F{C) by the 


unfolding procedure described in section 2.2 


The deformations of A{Ch) and A(Cy) have been constructed in the proof 


of lemma 3.9 and deformations of A(C) fl R c onto L/f ft R c exist by classi¬ 
cal theory (see theorem 1 in [PR04]). From this, one can easily construct a 
global deformation of A(C) with the required properties. □ 


4 Appendix 

4.1 Logarithmic geometry of planar curves (continua¬ 
tion) 

Lemma 4.1. Let s be a side of A and ( a,b ) eZ 2 a primitive integer vector 
supporting s. For any curve C C 7a, and any point p E V s nC, one has 

7 (p) = [a:b}. 


37 












Proof Suppose first that neither a nor b is zero. By the implicit function 
theorem, for any local coordinate t of C centred at p, there exists 2 liolo- 
morphic functions h z (t) and h w (t) having a simple zero at the origin and a 
positive integer m such that 


z(t) = ( h z (t )) bm and w(t) = (h w (t)) am . 


The number m is exactly the intersection multiplicity T> e D C at p. By 1.4 


lip) = jim [—d log (w(t)) : d log (z(t))] 


= lim 

t- s-0 


—am ■ 


h 'w(t) . 

hw (t) 


—bm ■ 


Kit) 

h z (t) 


= [a : b] . 


If a ( resp. b) is zero, h w ( resp. h z ) is a non vanishing holomorphic function. 
The same computation leads to the result. □ 


Lemma 4.2. One has the following 


* Coo C F. 

* F C C is smooth if and only if 7 has no branching point on 1RP 1 . In 
this case, F is a disjoint union of smoothly embedded circle in C. 


* If F is smooth, O is a connected component of F and A\q is non 
constant on O, then the logarithmic Gauss map of the parametrized 
curve Aiq is given by the restriction of 7 . In particular, it is monotonic 
and A\q has no inflection point. 

* Under the same assumptions, the latter statement holds for Arg,@. 


Proof The first point is a direct consequence of lemmas 4T and L5 For 
the second point, if 7 has no branching point on MP 1 , 7 _ is a local diffeo- 


morphism, and F is a topological covering of MP 1 . It implies that F is a 
disjoint union of smoothly embedded circle in C. If 7 has a branching point 
q e MP 1 , then there exists p € l~ L {q) such that F near p is diffeomorphic 
to the preimage of M C C by z K> z n for some n > 2. Hence, F is not 
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smooth at p. The last two points fall from the geometric interpretation of 
the logarithmic Gauss map. First, notice that A and Arg are analytic on O. 
Hence, they are either constant or locally injective. In the latter case, they 
admit a logarithmic Gauss map. Now, consider the tangent bundle of C 2 
restricted to the coordinate wise complex logarithm Log(C° ). Considering 
real and imaginray parts gives a splitting R 2 © iM 2 of the latter bundle. We 
have seen in the previous lemma that the tangent bundle of Log(C° ) splits 
in a direct sum of two line bundles while restricted to Log(F°^j . One of them 
is contained in the R 2 factor of the previous splitting, and the other one is 
contained in the iR 2 factor. Denote them by mathcalL^ e and Lj m respec¬ 
tively. Note that the maps A and Arg are just linear projections on R 2 and 
iR 2 in these logarithmic coordinates. Therefore, A ( resp . Arg) maps Ln e 
(■resp. Li m ) to the tangent line bundle of A(0) (resp. Arg((D)). It follows 
that the Gauss maps of Ap and Argp are both given by 7 . By assump¬ 
tion, 7 has no critical point, that is Ap and Argp have no inflection point. □ 


We end up this section with a short description of the maps A and Arg 
near the points of C^. 

By convexity and finiteness of the area of A(C), one deduces that a neigh¬ 
bourhood of any point of is mapped by A onto a thin tentacle going 
off to infinity along a certain asymptotic direction. If this point belongs to 
T > s , lemma 4. 1| implicitly states that this direction is orthogonal to the cor¬ 
responding side s of A. 

In the case of Arg , define CA rg to be the real oriented blow-up of C at every 
point of C oq. Denote by S p C CA rg the fiber of the blow-up over p e C^. 


Lemma 4.3. The map Arg extends to CA rg ■ Moreover, if s is a side of 
A, (a, b) a primitive integer vector supporting s, and p belongs to V s , then 
Arg : S p —>■ T is an m-covering over a geodesic of slope (—6, a), where m is 
the intersection multiplicity of fl V s at p. 


Proof As in the proof of lemma 4.1 
the expressions 


use a local coordinate t and consider 


z(t) = ( h z (t )) bm and w(t) = (h w (t)) am . 
For t = re l6 , one has 


z(t) = r- bm (z 0 e- ibme + o(l)) and w(t) = r am (w 0 e iam9 + o(l)). 
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It follows that for any e ld G S 1 


lim arg[h z {re ie f) = arg(zo) — bm ■ 6 

and 


lim arg(h w (re l6 )) = arg(w 0 ) + am ■ 6. 

r —>0 v ' 

This gives the result when a and b are non zero. Otherwise, replace z(t) 


w(t ) by a non vanishing function and repeat the same computation, see 4.1 


or 

□ 


4.2 


Proof of proposition 


3.4 


Lemma 4.4. The only possible cases are the following 


(a) tp is a self-intersecting arc in (M*)“ joining the toric divisor V Sj to the 
toric divisor V Sk , with tt < /.(vj, Vk) < 27r, 

(/3) ip is a self-intersecting arc in (M*)“ joining the toric divisor V Sj to the 
toric divisor V Sk , with 0 < Z (vj , Vk) < tt, 

( 7 ) ip is an immersed closed curve of rotational index 2 self-intersecting at 

P, 


(5) p is the union of 2 arcs intersecting transversally at p. 



Remark. The distinction we made between case ( a ) and ((3) is not of topo¬ 
logical nature a priori , but will be motivated later. 
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Proof Suppose the normalization <p of p is connected. Then it is either an 
open segment or a topological circle. The first possibility is split between (a) 
and (/3). For the second possibility, ip is an immersed circle self-intersecting 
at p. One of the 2 possible smoothings of ip gives 2 disjoint circles. If these 
circle are nested in the plane, then it corresponds to ( 7 ). If they are not, then 
p> is isotopic to the figure “ 00 ” and has inflection. This contradicts lemma 
2 Suppose now that the normalization ip of p is not connected. Then it is 
the union of 2 open segments, but this is case (5). □ 


The classification of lemma 4.4 is relevant while computing the contribu¬ 
tion to 7 of the ovals of IRC. As the total contribution is constrained by the 
total reality of 7, it will prevent most of the cases to occur. 


Remark. All the cases of the list in lemma 4A can appear for simple Harnack 
curve. Nevertheless, their manifestation forces the curve to have some other 
singularities, see figure [TTJ The case (a) was already illustrated by the cubic 
of figure [5j 



Figure 11: The case ( f3 ) on the left, 
appears in both. 




The 



case (<5) 


Lemma 4.5. For a u-oval d C IRC such that A is an embedding on each 
connected component of d°, one has 

deg 7 | # = l^ool — 2 - ind(d). 

For a b-oval d C IRC for which A is an embedding, one has 

deg 7 |* = 2 . 
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Proof To prove the first formula, one has to compute the contribution 
on every connected component of d°. As A is an embedding, lemma 4T 
implies first that 0 < u^+i)) < it for each j e and that the 

contribution between the j-th and (j + l)-th point of is given by 


according to our orientation convention. Summing over all j’s gives the de¬ 
sired formula. The second formula is the projective reformulation of the fact 
that a simple closed curve in the plane has rotational index 1 . □ 


Lemma 4.6. In the cases (a), and {(5) of proposition f.f’ letd be the unique 
u-oval in MC containing <p. Then, one has 

deg'fy = I'dool + 2 — 2 • ind(d). 


In the case ( 7 ) of proposition f-4 d be the unique b-oval in MC containing 
the node p. Then, one has 

deg 7u = 4 - 


Proof In the cases (a), and (/ 3 ) of proposition 4.4, the proof goes as the 
one of the first formula of the previous lemma, except that the contribution 
of the arc <p is given for some j by 


^(f-/(^ (j) ,^ (j+1) )) +2. 


For the case (7), Tl('d) has rotational index 2 in the plane, that is 4 projec- 
tively. □ 

Proof of proposition 3.4| . By lemma L4 one has that 
deg 7 = 2 (g — 1) — 2 + b = 2g + b — 4. 


Consider first the cases (a) and (/ 3 ) of proposition 4.4, and denote by d the 
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u-oval of MC containing ip. Let us compute 


deg ^ = E deg % = E deg^\ e + E deg\ 


O oval 
of I 


’ u-oval 


O b-oval 


\deg%+ E deg%)+ E deg 7 , 

' n_mral ' b-oval 


0 u-oval 


= (I'd 00 I + 2 - 2 • ind(d) + 
+2 # b-oval} 


E (|^oo|-2-md(^))) 


? u-oval 


by lemmas 4.5 and 4.6 


= fb + 2 — 2 • E ind{&) \ + 2 ^ 6 0 (KC) — # {@ u-oval} 

' G u-oval ' ' 


= 2 5 0 (MC) + b + 2 — 2 • E (ind(tf) + l). 

& u-oval 


It follows that 


2&o(KC)-2- 


in- 


+ l)=2g-6. 


( 2 ) 


’ u-oval 


Moreover, MC is of type 1 inside of C which is of genus (9 — 1), hence b 0 (RC) 
is constrained by 


b 0 (RC) < g and b 0 (RC) = g mod 2 . 

If b 0 (RC) = g — 21, then 

2. 9 - 6 = 2b 0 (RC)-2- E (ind{0) + l) 

G u-oval 


< 29 — 4/ — {& u-oval} 

< 29 -4(Z + 1). 
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It implies that l = 0, b 0 (RC) = g, and 

( ind(G) + l) =3. 

0 u-oval 

Hence id is the unique u-oval and ind(d ) = 2. We proved the result for cases 
(a) and (j3). 

Consider now the case ( 7 ) of proposition 
u-oval of MC containing (p. We repeat the same computation 

deg 7 = E deg 7 , e + E deg % 

O u-oval O b-oval 


4.4, and denote once again by id the 


= E u-00 

G u-oval 


— 2 • ind(G)) + ( E 2 + 4^ 

V /t .. „,,ol / 


0 u-oval 

0^ 


as id contributes to 4 according to 4.6 


= ( b — 2 • E ind{G)\ + (2 # {G b-oval} + 2 ^ 

G u-oval ^ ' 


= 2b 0 (RC) + b + 2-2- E {ind(G) + 1). 


u-oval 


Once again, we end up with equation ([ 2 ]) . The same arguments as above 
imply that = 9, and that there is a unique u-oval id with ind(id) = 2 . 

We proved the result for case ( 7 ). 

Consider finally the case (5) of proposition 


4.4 


Note that every oval of IRC 


satisfies the assumptions of |4.5| We compute as before 
deg 7 = E deg 7 ^+ E deg % 

G u-oval 0 b-oval 


= ( b — 2 ■ E 

O u-oval 


+ ^2 7 ^ {G u-oval} j 


= 2b 0 (RC) + b-2- E (ind(G) + 1). 

G u-oval 

It follows that 

2 bo(M.C) — 2 • (ind(G) + l) = 2 g — 4, 

6 u-oval 

0£d 
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implying in turn that bo(^C) = g, that there is a unique u-oval id and that 
ind(id ) = 1. Equivalently, the cyclical order on the b boundary points of 
C induced by id and the one induced by the boundary dA of the moment 
polygon A are the same. In such case, the image by A of any two connected 
components of id° intersect at 0 or 2 points, but C has exactly one singular 
point. This is a contradiction. □ 

Note that, along the latter proof, we obtained the following 


Lemma 4.7. For a simple Harnack curve with only one hyperbolic node, the 


case (<5) of lemma 4-4 


cannot occur. 


4.3 


Proof of proposition 


3.5 


Lemma 4.8. The restriction to C + of the argument map Arg lifts to the 
universal covering M 2 ofT. Moreover, its lift Argo is a local diffeomorphism. 


Proof This lemma is a corollary of proposition 3.4| Indeed, the latter 
implier that C + is homeomorphic to an open disc with exactly (g — 1 ) holes. 
Compactifiying C + by attaching back MC, one see that the fundamental group 
of C + is generated by the (g — 1 ) b-ovals of MC. The argument map contracts 
each of these ovals to one of the four points {(0,0), (0, 7 r), ( 7 r, 0), ( 7 r, 7 t) } in 
T. In other words, the map 


Arg : 7Ti (C + ) ->• 


is trivial, 
map 


This is the necessary and sufficient condition for Arg to lift to a 
Arg 0 ■ C + -> M 2 . 


By the definition of simple Harnack curve and lemma 
diffeomorphism. So is Argo■ 


1.5 


Arg is a local 

□ 


Now, define the to polo gical disc D as follows : consider first the closure of 
C + in CArg, see lemma 4.3 It is a closed disc with (g— 1 ) open holes bounded 


by the b-ovals of MC. Now contract to a point every connected component 
of that is in the closure of C + . The result is clearly a topological disc 

that we denote D. 


Lemma 4.9. Arg 0 extends to a differentiable map Argo ■ D —>■ M 2 . Denote 
by id the unique u-oval of C. Then, Arg 0 maps the boundary of D to the 
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piecewise linear curve with vertices in 7 rZ 2 obtained by the concatenation of 
the vectors T(vt>{j)) according to the cyclical ordering j e Z/m^Z, r being 
defined in proposition^ .5 


Remark. The points of Argo(D) D 7rZ 2 are exactly the points of D coming 
from the contracted connected components of RC^Ug. 


Proof The fact that Arg 0 extends has been proven in lemma 4.3 


tiability at the boundary is implicitly given in the proof of lemma 4.3 


Differen- 
To 


see differentiability at the points obtained by contraction of the b-ovals, use 
the same arguments as in the proof of theorem [T[ 


The second part of the statement falls from lemma 4.3 and the way we de¬ 
fined C + . □ 


Now, we are ready to prove the proposition |3.5[ We have to solve a 
combinatorial isoperimetrical inequality problem. On one side, the area en¬ 
closed by the piecewise linear curve Argo (<9-D) is given by theorem [TJ On 
the other, the geometry and in particular the length of the piecewise linear 
curve Argo (<9-D) is constraint by the previous lemma. 


Proof of proposition [375] By theorem [lj one has that 

Area(Arg 0 (D )) = Area[Arg 0 (C + )) = \Area[Arg(C °)) 

= 

In the present case, Khovanskii’s formula [ Kho78 ] gives 

- X (C°) = (2g + b-2)-2. 

Pick’s formula gives in turn 

Area( y Arg 0 (D)) = n 2 ((g + b/2 — 1) — l) = tt 2 (Area(A) — l) (3) 


Consider the case (a) of lemma |4.4 By the previous lemma, Arg 0 (dD ) is 
a piecewise linear curve with vertices in 7rZ 2 . As we have seen in the proof 


of lemma |4.5[ it is locally convex everywhere except at the vertex coming 
from (p C CArg, where by assumption the angle interior to Argo(D) is strictly 
between n and 2n. Let j € Z/?n^Z be such that this non convex angle is 
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formed by r (u^q-)) and t(v^ + i)). If one permutes these 2 vectors, the area 
of the domain of R 2 enclosed by the piecewise linear curve increases at least 
by 7 r 2 , and exactly by 7 r 2 if and only if and u^q+i) span a parallelogram 
of area 1. Suppose the new polygonal domain that we just obtained is still 
not convex. Then, one can repeat the previous construction, and increase 
the area until we end up with a convex domain. This convex domain can be 
nothing but A (up to translation). This contradicts (J3]) . Hence, the result 
of the permutation were already convex and v#(j) and v ^ + p have to span a 



that this rotational index is 2. Then, there exists two distinct points p\ and 
p 2 on dD mapped to the same point in R 2 . They cut dD into two arcs 71 
and 72 . Denote by A x and A 2 the polygonal domains enclosed by 7 ! and 72 
respectively. Then 

Area[Arg 0 (D )) = Area( Ai) + Area( A 2 ). (4) 

Two cases can occurs : either pi and p 2 are mapped to a point of 7 rZ 2 , or 
not. 

In the first case, r _1 (Ai) and r -1 (A 2 ) are two polygonal domains in R 2 with 
integer vertices. Reorder their edges in convex position in order to get two 
convex polygon Ch and n 2 . Then, one has the Minkowski sum 

A = Di + n 2 . (5) 


By @, one has 

Area( A) — 1 < Area(D 1 ) + Area{D 1 ), 

and (J5]) provide the opposite inequality. It means that the mixed volume 
Vol(\A 1 , Cb) = 1. By [Kus76], This is the intersection number of two generic 
curves of respective Newton polygon □] and ^ 2 - By ([5]) , the union of two 
such curves has Newton polygon A. Such reducible curves form a component 
of the space of nodal curves in 7a- By Horn parametrization, this space is 
irreducible. Hence, every nodal curve in 7 a is reducible, in particular, C is. 
This is a contradiction. 


47 






In the second case, pi and P 2 are not mapped on a point of 7rZ 2 . Denote by 
V\ the closest vertex of Argo(dD ) before the self-intersection point Arg 0 (pi), 
and V ‘2 the closest vertex of Arg 0 (dD ) after it. Now cut the first edge of 
Argo(dD) after v\ and past it before u 2 as shown below. 




This construction has the following properties : 

(*) the area enclosed by the resulting curve is strictly greater than 
Area(Arg 0 (D)), 

(*) the angle at the vertex next the self-intersection point strictly decreases, 
if it is still convex. 


The latter property implies that, repeating this process, one has to end up 
either in the case where the self-intersection point is moved to a point of 
7 rZ 2 , then the previous treatment leads to a contradiction; or in the case of 
a piecewise linear curve of rotational index 1 that is convex except at one 
vertex. This amounts to the treatment of case (a). The first property implies 
that 


Area(Arg 0 (D)) < (Area(A) — l). 

This is in contradiction with ([3]). By lemma 4.7, the case (5) cannot occur. 


The theorem is proved. 

Note that during the proof, we obtained the following 


□ 


Corollary 4.10. Only the case (a) of lemma 4-4 


can occur. 
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